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KOSZUL DUALITY
AND
EQUIVARIANT COHOMOLOGY FOR TORI
MATTHIAS FRANZ
Abstrat. Let T be a torus. We show that Koszul duality an be used to
ompute the equivariant ohomology of topologial T -spaes as well as the
ohomology of pull baks of the universal T -bundle. The new features are that
no further assumptions about the spaes are made and that the oeient
ring may be arbitrary. This gives in partiular a Cartan-type model for the
equivariant ohomology of a T -spae with arbitrary oeients. Our method
works for intersetion homology as well.
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Introdution
Let T = (S1)r be a torus ating smoothly on some manifold X . The rst
denition of the T -equivariant ohomology H∗T (X), given by H. Cartan, was as the
homology of the dierential graded algebra
(1) S
∗ ⊗ Ω∗(X)T , d(σ ⊗ ω) = σ ⊗ dω +
r∑
i=1
ξiσ ⊗ xi · ω,
where S
∗
is the algebra of polynomials on the Lie algebra t of T and Ω∗(X)T the
omplex of T -invariant dierential forms on X , on whih t ats by ontration with
generating vetor elds. Moreover, (xi) denotes a basis of t with dual basis (ξi) ∈ S2.
(This so-alled Cartan model exists, like all onstrutions we are about to reall, for
arbitrary ompat onneted Lie groups, f. [19℄. We are only onerned with the
torus ase, however, and restrition thereto will allow for a oherent presentation
of previous results.)
Later on, A. Borel dened equivariant ohomology for any topologial T -spae
and any oeient ring R as the singular ohomology of the spae ET ×T X =
(ET×X)/T , where ET is a ontratible spae on whih T ats freely. For manifolds
and real oeients, this Borel onstrution gives the same result as the Cartan
model.
A few years ago, Goresky, Kottwitz and MaPherson [15℄ related equivariant
ohomology to Koszul duality as dened by Bernstein, Gelfand and Gelfand [3℄:
They remarked that the omplex (1) arises from Ω∗(X)T by applying the Koszul
funtor t, whih arries dierential graded modules over Λ∗ =
∧∗
t = H∗(T ),
the homology of the torus, to those over S
∗ = H∗(BT ), the ohomology of the
lassifying spae of T . (The multipliation of Λ∗ is indued by that of T .) They
went on to show that appliation of the quasi-inverse Koszul funtor h to a suitably
dened dierential S
∗
-module of dierential forms on ET ×T X gives a dierential
Λ∗-module
(2) Ω∗(ET ×
T
X)⊗Λ∗, d(ω ⊗ α) = dω ⊗ α+ (−1)|ω|
r∑
i=1
ξi · ω ⊗ xi · α
whose homology is isomorphi to H∗(X) as Λ∗-module. (Here Λ
∗ = H∗(T ) is the
ohomology of T .) They atually prove a muh more general statement that for
instane also subsumes intersetion homology of subanalyti spaes.
Shortly afterwards, Allday and Puppe [1℄ pointed out that the appearane of
Koszul duality here reets an underlying topologial duality between the ate-
gory T -Spae of T -spaes on the one hand and the ategory Spae-BT of spaes
KOSZUL DUALITY AND EQUIVARIANT COHOMOLOGY FOR TORI 3
over BT on the other. (A spae Y over BT is map Y → BT .) The Borel onstru-
tion is a funtor
t : T -Spae→ Spae-BT,
and pulling bak the universal T -bundle ET → BT along Y → BT gives a funtor
in the other diretion,
h : Spae-BT → T -Spae.
From this point of view Goresky, Kottwitz and MaPherson's result for ordinary
ohomology an be stated as follows:
H∗
(
tΩ∗(X)T
)
∼= H∗
(
Ω∗(tX)
)
as S
∗
-modules(3a)
H∗
(
hΩ∗(Y )
)
∼= H∗
(
Ω∗(hY )T
)
as Λ∗-modules(3b)
for smooth X ∈ T -Spae and Y = tX . (We have H∗(hY ) = H∗(htX) ∼= H∗(X)
beause htX ∼= ET ×X is homotopy-equivalent to X .)
The main purpose of this paper is to generalise this to an arbitrary oeient
ring R instead of the reals. We will use singular homology (and ohomology)
rather than subanalyti hains, and this will allow us to drop the assumption of
subanalytiity made in [15℄.
Note that simply replaing de Rham omplexes by singular ohains in (3) does
not make sense: While it is easy to dene a Λ∗-ation on C
∗(X ;R), X a T -spae,
it is not possible in general to lift the S
∗
-ation on the ohomology of a spae Y
over BT to C∗(Y ;R). The reason for this is that the up produt of singular
ohains is inherently non-ommutative. (It is only ommutative up to homotopy,
hene ommutative in ohomology.) As a onsequene, if one pulls bak represen-
tatives ξ′i of the generators ξi ∈ S
∗ = H∗(BT ;R) along p : Y → BT and imitates
denition (2) with ξi · γ = γ ∪ p∗(ξ′i) for γ ∈ C
∗(Y ;R), then d will be not a dif-
ferential any more. (The only reason to multiply by p∗(ξ′i) from the right is to be
onsistent with other onstrutions later on.)
Sine we ultimately only want (2) to be a dierential Λ∗-module, the key idea
is to perturb the dierential by higher order terms:
(4) d(γ ⊗ α) = dγ ⊗ α−
∑
pi⊂{1,...,r}
pi 6=∅
(−1)|γ|+|pi| γ ∪ p∗(ξ′pi)⊗ xpi · α.
Here ξ′pi ∈ C
|pi|+1(BT ;R), and (xpi) denotes the anonial R-basis of Λ∗ generated
by the xi's. This formula already appears in the work of Gugenheim and May [18℄,
and they show how to onstrut some (ξ′pi) suh that the resulting map d is a
dierential (whih then is neessarily Λ∗-equivariant). They also prove that the
omplex C∗(Y ;R)⊗Λ∗ with this new dierential indeed omputes the ohomology
of the pull-bak hY , but their method only gives an isomorphism of R-modules,
i. e., without the additional Λ∗-ation.
Choosing a olletion (ξ′pi) as above atually means dening a so-alled twist-
ing ohain t ∈ Hom−1(C∗(BT ;R),Λ∗), whih allows one to dene twisted tensor
produts like (1), (2) or (4) in a oneptual manner. It is also tantamount to
a morphism of dierential oalgebras from C∗(BT ;R) to BΛ∗, the redued bar
onstrution of Λ∗. Comodules over BΛ∗ are also alled S
∗
-modules `up to homo-
topy', and this hints to the fat (well-known to experts) that one an extend Koszul
duality to these objets.
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The results of this paper are most naturally formulated in the homologial set-
ting; this also failitates the passage to intersetion homology later on. So we look at
C∗(Y ;R) as an S∗-omodule up to homotopy, whih we all a `weak S∗-omodule'.
Here S∗ = H∗(BT ;R) is the homology oalgebra of BT . This implies that the
Koszul funtors t and h of this paper are not the ones from [15℄, whih we have
used above, nor those from [3℄. The funtor h arries weak S∗-omodules to Λ∗-
modules, and in order to be symmetri, we extend t to analogously dened weak
Λ∗-modules, whih are transformed into S∗-omodules. Any (strit) Λ∗-module
or S∗-omodule has a anonial weak (o)module struture, and we onsider the
Koszul funtors as mapping to the ategories of weak (o)modules.
The main novelty of the present paper is the onstrution of natural transfor-
mations
Ψ: t ◦ C∗ → C∗ ◦ t(5a)
Φ: C∗ ◦ h→ h ◦ C∗.(5b)
Here we have used the same symbol C∗ to denote both the funtor assigning the Λ∗-
module C∗(X ;R) to a T -spae X and the funtor assigning to a spae Y over BT
the weak S∗-omodule C∗(Y ;R).
One these natural transformations are established, an easy appliation of the
LeraySerre theorem will prove our main result, whih generalises (3) to arbitrary
topologial spaes and arbitrary oeient ring:
Theorem 3.7
′
. The natural transformations Ψ and Φ are quasi-equivalenes, i. e.,
they indue isomorphisms in homology for all objets.
It turns out that in the ase of the Borel onstrution one an do better. The
ohomologial formulation is a omplete generalisation of the Cartan model to
singular ohains:
Theorem 4.1
′
. Let S
∗
at on S
∗ ⊗ C∗(X ;R) in the anonial way and give the
tensor produt the following dierential and S
∗
-bilinear produt:
d(σ ⊗ γ) = σ ⊗ dγ +
r∑
i=1
ξiσ ⊗ xi · γ,
(σ′ ⊗ γ′)(σ ⊗ γ) = σ′σ ⊗ γ′ ∪ γ.
Then Ψ∗X : C
∗(ET ×T X)→ S∗⊗C∗(X) is a morphism of algebras and indues an
S
∗
-equivariant isomorphism in homology.
Suppose that X is a stratied pseudomanifold and p a perversity. In this ase
we dene a ertain Λ∗-submodule N∗ of the singular hain omplex C∗(X ;R) and
show in a further step:
Theorem 5.4
′
. The morphism ΨX indues an isomorphism H(tN∗) ∼= IpHT∗ (X ;R).
A similar statement holds for spaes over BT .
(See the main text for a preise statement of eah theorem.)
Equivariant ohomology has attrated muh interest from other parts of math-
ematis in reent years, for example from sympleti and algebrai geometry or
ombinatoris. I have therefore striven to keep this paper reasonably self-ontained
and aessible to non-experts. It is organised as follows:
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In Chapter 1 we introdue weak S∗-omodules and weak Λ∗-modules and sketh
the proof of Koszul duality between these ategories. This atually holds in muh
greater generality and is usually formulated in the framework of operads, see for
example [13, Se. 4.2℄, [26,  5.1℄, or [24℄. We nevertheless present an elementary
version in order to save the reader from digesting a sophistiated formalism before
arriving at the relatively easy result needed here.
Instead of using topologial onstrutions of ET and BT , we will work in the
simpliial ategory [28℄, [25℄. In the last setion of the seond hapter we dene
the topologial ounterparts of the Koszul funtors in the simpliial setting and
show that they are quasi-inverse to eah other  not only for tori, but for arbitrary
topologial or even simpliial groups. I propose to all these funtors simpliial
Koszul funtors in order to stress the similarity between them and the usual al-
gebrai Koszul funtors. The preeding Setions 2.1 to 2.7 are essentially a review
of well-known results about simpliial sets, and exept for Propositions and , I
make no laim of originality. One reason for inluding the material here is again to
make the whole paper readable for the non-speialist. More importantly, we shall
make essential use of the exat form of eah denition given in this hapter. In
most ases one an nd several slightly dierent versions in the literature, and an
underlying theorem of this artile is that they an all be hosen onsistently.
Chapter 3 is the heart of the paper. After explaining how to view the hain
omplex of a T -spae as a Λ∗-module (whih is easy) and the hain omplex of a
spae Y over BT as a weak S∗-omodule (GugenheimMay), we dene the natural
transformations (5) and prove the main theorem.
The singular Cartan model is presented in Chapter 4. For X = pt a point our
theory gives a quasi-isomorphism of algebras C∗(BT ;R) → S∗ = H∗(BT ;R). We
prove that this map has the important property of annihilating all up1 produts.
Our onstrution of a suh map is muh shorter than the original one given in [18℄.
In Chapter 5 we generalise to intersetion homology. Starting with the geometri
denition of intersetion homology given in [16℄, we use results due to Goresky
MaPherson [17℄ and King [23℄ to arrive at the notion of an allowable subset of a
simpliial set, whih is dened as a graded subset losed under all degeneray maps
and under the last fae map. Inspetion of the proof of the main theorem then
shows that it holds true for allowable subsets, hene for intersetion homology.
The ore of the paper is elementary. Rudimentary knowledge of homologial
algebra and simpliial sets is amply suient, granted the oasional use of spetral
sequenes, in partiular of the LeraySerre spetral sequene of a bre bundle. Most
proofs are straightforward veriations that some laimed identities do hold and are
often only skethed or entirely left to the reader.
Apart from reading this paper from beginning to end, there are at least two more
meaningful ways: Readers only interested in the singular Cartan model should
hek Setions 1.1 and 2.1 for notation and should then, after a quik look at
Setion 2.2, turn diretly to Setion 4.1. Those who would like to learn more
about the relationship between algebrai and simpliial Koszul duality, but without
entering into the details of how to onstrut the natural transformations (5) may
skip Setions 2.3, 2.6, 2.7 and 3.2, 3.3.
A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my advisor Volker Puppe for suggesting this topi to me and also for many inspiring
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omments, and to Ezra Miller, Tara Holm
and Ludger Kaup for stylisti improvements.
1. Algebrai Koszul duality
1.1. Notation and terminology. Throughout this artile the letter R denotes a
ommutative ring with unit element.
The set {1, . . . , r} is denoted by [r]. The degree of a nite set is the number
of its elements. Generally, whenever an objet x has a degree |x| ∈ Z, we all
{x} = (−1)|x| its sign; moreover, we write {x, y} = (−1)|x|·|y|. A summation
over (µ, ν) ⊢ π extends over all partitions µ ∪˙ ν = π, and one over (µ, ν) ⊢ (m,n)
over all (m,n)-shues, i. e., over all partitions µ ∪˙ ν = {0, . . . ,m + n − 1} with
|µ| = m and |ν| = n. We write {(µ, ν)} for the sign of the permutation determined
by suh a partition.
The following denitions and sign onventions for omplexes seem to be onsis-
tent with [7℄ and the nie summary in the rst setions of [31, Ch. 3℄:
If not otherwise speied, a omplex is one of R-modules, and all tensor prod-
uts and homomorphism omplexes are taken over R. The n-th degree of a om-
plex N is denoted by Nn. (Note that from now on we suppress meaningless dots as
in N∗.) LetM , N be omplexes. The omplexM ⊗N has dierential d(m⊗n) =
dm⊗ n+ {m}m⊗ dn, and that on Hom(M,N) is d(f)(m) = df(m)− {f} f(dm).
(The former dierential illustrates the general sign rule to insert, whenever two
objets are transposed, the fator −1 to the produt of their degrees. The latter is
the only exeption.) The anonial hain map
(1.1.1) N ⊗M∗ → Hom(M,N), a⊗ γ 7→
(
c 7→ 〈γ, c〉 a
)
,
is an isomorphism if M or N is a nitely generated free R-module. We denote
by TMN the anonial transposition M ⊗ N → N ⊗M , m ⊗ n 7→ {m,n}n ⊗m.
Moreover, if f : M →M ′ and g : N → N ′ are maps of omplexes, then f ⊗ g : M ⊗
N →M ′ ⊗N ′ is dened by (f ⊗ g)(m⊗ n) = {g,m} f(m)⊗ g(n).
By an algebra, we mean an assoiative dierential graded R-algebra A with
multipliation µA : A⊗ A→ A and unit ιA : R → A, and by a oalgebra, a oas-
soiative dierential graded R-oalgebra C with omultipliation ∆C : C → C ⊗C
and augmentation εA : C → R. We analogously write µN and ∆M for the stru-
ture maps of a (left or right) A-module N and a (left or right) C-omodule M ,
respetively. We all A ommutative if µATAA = µA, and C oommutative
if TCC∆C = ∆C . (This is often alled graded (o)ommutative.) The ategory of
left A-modules is denoted by A-Mod, and that of right C-omodules by Comod-C.
Let C be a oalgebra and A an algebra. Then Hom(C,A) is an algebra with up
produt
(1.1.2) u ∪ v = µA(u⊗ v)∆C
and unit ιAεC . This applies in partiular to C
∗ = Hom(C,R). Note that a
map γ : Cn → R has degree −n, and that the dierential on C∗, like all dier-
entials, lowers degree, f. [7, Ex. 1.9℄. In order not to onfuse the reader too muh,
we introdue the notation Cn = (C∗)−n, so that γ ∈ C
n
.
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A right C-omodule M is anonially a left C∗-module by the ap produt
(1.1.3) γ ∩m = (1⊗ γ)∆M (m) ∈M ⊗R = M
for γ ∈ C∗ and m ∈M .
We shall oasionally deal with oalgebras whose struture maps are equivariant
with respet to some Hopf algebra A. (Reall that the tensor produt N ⊗ N ′ of
two A-modules is again an A-module.) We all suh a oalgebra an A-oalgebra.
1.2. Twisting ohains. Let A be an algebra and C a oalgebra. A twisting
ohain [5℄ is an element u ∈ Hom−1(C,A) suh that d(u) + u ∪ u = 0. (See for
example also [31, Se. 3.3℄ for the following.)
If M is a right C-omodule and N a left A-module, then the twisted tensor
produt M ⊗u N has the same underlying graded R-module as the usual tensor
produt M ⊗N , but with dierential
(1.2.1) du = dM ⊗ 1 + 1⊗ dN + (1⊗ µN )(1⊗ u⊗ 1)(∆M ⊗ 1).
Note that C ⊗uN is anonially a left C-omodule and M ⊗u A a right A-module.
Similarly, for a left C-omoduleM and a left A-module N we dene the twisted
omplex of homomorphisms Homu(M,N) with dierential
(1.2.2) du(s) = d(s) + µN (u⊗ s)∆M .
1.3. The Koszul omplex. Let P be a free gradedR-module of nite rank r whih
is onentrated in positive odd degrees. (If the harateristi of R is 2, then signs
do not matter, and P may also have elements in even positive degrees.) Denote by
Λ =
∧
P the exterior algebra over P and by S the symmetri oalgebra over P [−1].
(P [−1] is obtained from P by raising all degrees by 1.) We shall use thatΛ is a Hopf
algebra with augmentation εΛ = 0 and omultipliation ∆Λ(x) = x⊗ 1 + 1⊗ x for
all x ∈ P ⊂ Λ. For S we need the anonial unit ιS : R→ S. The oeient ring R
is a left Λ-module via εΛ : Λ⊗R→ R and a right S-omodule via ιS : R→ R⊗S.
Choose a basis (xi) of P with dual basis (ξi) of P
∗
. This gives anonial bases
(xpi) of Λ and (ξ
α) of the algebra S∗ dual to S with
xpi = xi1 ∧ · · · ∧ xiq ∈ Λ, ξ
α = ξα11 · · · ξ
αr
r ∈ S
∗,
where π = {i1 < · · · < iq} ⊂ [r] and α ∈ Nr. (Take this as the denition of Λ if
the harateristi of R is 2.) In terms of the R-basis xα ∈ S dual to the ξα's, the
omultipliation of S takes the form
(1.3.1) ∆S(x
α) =
∑
β+γ=α
xβ ⊗ xγ .
There is a anonial twisting ohain
(1.3.2) uP =
r∑
i=1
xi ⊗ ξi ∈ Hom−1(S,Λ),
whih does not depend on the hosen bases. (Here we have used the isomor-
phism (1.1.1).) We write M ⊗P N for the tensor produt with twisting ohain uP .
The Koszul omplex
(1.3.3) K = S⊗P Λ, d(s⊗ a) =
r∑
i=1
ξi ∩ s⊗ xi ∧ a
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is a left S-omodule and a right Λ-module. It is atually a Λ-oalgebra with
omponentwise omultipliation
∆K = (1⊗ TSΛ ⊗ 1)(∆S ⊗∆Λ) : K = S⊗P Λ→ (S⊗P Λ)⊗ (S⊗P Λ) = K⊗K
and augmentation εK = εS ⊗ εΛ : K→ R.
The latter map as well as the morphism of S-modules ιΛ ⊗ ιS : R → K are
quasi-isomorphisms, i. e., they indue isomorphisms in homology.
1.4. Weak S-omodules. We dene a weak (right) S-omodule to be a triple
(C,M, u), where C is a oalgebra, M a right C-omodule, and u ∈ Hom−1(C,Λ) a
twisting ohain with εΛu = 0.
Using again the isomorphism (1.1.1), we may express u in the form
(1.4.1) u =
∑
∅6=pi⊂[r]
xpi ⊗ γpi
for some γpi ∈ C|pi|+1 = (C∗)−|pi|−1. The ondition of u being a twisting ohain
translates into the equations
(1.4.2) ∀ ∅ 6= π ⊂ [r] dγpi = −
∑
(µ,ν)⊢pi
µ6=∅6=ν
{µ}{(ν, µ)} γµ ∪ γν ,
and the expliit form of the dierential on M ⊗u Λ is
(1.4.3) d(m⊗ a) = dm⊗ a+
∑
pi 6=∅
{π,m} γpi ∩m⊗ xpi ∧ a.
For small π, ondition (1.4.2) says dγi = 0, and dγij = γj ∪γi− γi ∪γj for i < j.
This allows us to dene a right S-omodule struture on H(M), or equivalently, a
left S
∗
-module struture, by setting
(1.4.4) ξi · [m] = [γi ∩m].
(This is equivalent beause S
∗∗ = S.) Hene while M is only an S-omodule `up
to homotopy', H(M) is a strit one. This explains the term weak S-omodule
for (C,M, u).
Any right S-omodule M anonially gives the weak S-omodule (S,M, uP )
where uP is the anonial twisting ohain (1.3.2).
Amorphism of weak S-omodules is a morphism of rightΛ-modules f : M⊗u
Λ→M ′ ⊗u′ Λ, whih we may write in the form
(1.4.5) f(m⊗ a) =
∑
pi⊂[r]
{π,m} fpi(m)⊗ xpi ∧ a
for some fpi ∈ Hom−|pi|(M,M
′). If fpi = 0 for π 6= ∅, then f (and, by abuse
of language, also f∅) is alled strit. Homotopies between weak S-omodules are
dened analogously. This gives us the ategory Comod-BΛ of weak S-omodules
and their morphisms. (This notation indiates that weak S-omodules are in fat
right omodules over the redued bar onstrution BΛ of Λ beause a twisting
ohain u : C → Λ with εΛu = 0 is tantamount to a morphism of oalgebras C →
BΛ, f. [31, p. 77℄.)
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If f : M → M ′ is a morphism of weak S-omodules, then this imposes ertain
onditions on its omponents fpi, namely
(1.4.6) ∀π ⊂ [r] d(fpi)(m) =
∑
(µ,ν)⊢pi
µ6=∅
{(µ, ν)}
(
{ν} fν(γµ ∩m)−{µ, ν} γ
′
µ ∩ fν(m)
)
.
In partiular, d(f∅) = 0 and d(fi)(m) = f∅(γi∩m)−γ
′
i∩f∅(m) for i ∈ [r]. Therefore,
f∅ : M → M
′
is a hain map of omplexes and indues an S-equivariant map in
homology. We dene H(f) : H(M)→ H(M ′) to be this map H(f∅). If h : M →M
′
is a homotopy between two morphisms f and f ′, then one veries similarly that h∅
is a homotopy between f∅ and f
′
∅. Hene H(f) = H(f
′) in this ase.
1.5. Weak Λ-modules. Though we will not need it in our topologial applia-
tions, we also introdue the ategory BS-Mod of weak Λ-modules for the sake
of ompleteness. A weak (left) Λ-module N is a triple (A,N, v) where N is a
left module over an algebra A and v ∈ Hom−1(S, A) a twisting ohain satisfy-
ing vιS = 0. (Hene N it is a left module over the redued obar onstrution
of S.) Similar to the previous ase, we identify v =
∑
06=α∈Nr cα ⊗ ξ
α ∈ A ⊗ S∗.
(Note that we always have {cα} = −1.) The dierential on S⊗v N is of the form
(1.5.1) d(s⊗ n) = s⊗ dn+
∑
α6=0
ξα ∩ s⊗ cα · n.
(This is well-dened beause ξα∩s vanishes for almost all ξα.) The twisting ohain
ondition now reads
(1.5.2) ∀ 0 6= α ∈ Nr dcα =
∑
β+γ=α
cβ · cγ ,
in partiular dci = 0, dcii = ci · ci, and dcij = ci · cj + cj · ci for i 6= j. Here we have
written ci and cii for cα with a single non-vanishing omponent αi = 1 and αi = 2,
respetively, and similarly for cij . Hene the homology H(N) of (A,N, u) arries a
well-dened Λ-module struture dened by xi · [n] = [ci · n].
A morphism of weak Λ-modules (A,N, v) → (A′, N ′, v′) is a morphism of
S-omodules g : S⊗v N → S⊗v′ N ′, whih we an write as
(1.5.3) g(s⊗ n) =
∑
α∈Nr
ξα ∩ s⊗ gα(n).
Then the lowest omponent g0 is a hain map, and from d(gi)(n) = g0(ci · n) −
c′i · g0(n) we see that g0 indues a Λ-equivariant map in homology. As before, the
latter depends only on the (suitably dened) homotopy lass of g.
1.6. Koszul funtors. The denition of the Koszul funtors
t : BS-Mod→ Comod-BΛ and h : Comod-BΛ→ BS-Mod
is now almost obvious; we only have to swith between left and right strutures:
For any weak Λ-module (A,N, v) we set tN = S⊗v N with the right S-omodule
struture
(1.6.1) TS,S⊗vN (∆S ⊗ 1): S⊗v N → S⊗ S⊗v N → (S⊗v N)⊗ S,
whih is well-dened beause S is oommutative. Sine this map is equal to (1 ⊗
TSN)(∆S ⊗ 1), the orresponding left S∗-module struture is given by
(1.6.2) σ · (s⊗ n) = σ ∩ s⊗ n = (1 ⊗ σ)∆S(s)⊗ n.
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The left Λ-module struture on hM = M ⊗u Λ, (A,M, u) a weak S-omodule, is
analogously dened by
(1.6.3) a · (m⊗ b) = {a}{a,m⊗ b}m⊗ b ∧ a = {a}{a,m}m⊗ a ∧ b.
Note that tN and hM always possess strit strutures. In other words, the
Koszul funtors atually map to Comod-S and Λ-Mod, respetively. Moreover,
both htR and thR essentially give the Koszul omplex K.
Theorem 1.1. The Koszul funtors form an adjoint pair (h, t). Moreover, they
indue quasi-inverse equivalenes of ategories in homology if restrited to the full
subategories of (o)modules bounded from below.
Proof. We dene natural transformations id→ ht and th→ id by the morphisms
∆S ⊗ 1⊗ ιΛ : S⊗v N → S⊗P htN = S⊗P
(
(S⊗v N)⊗P Λ
)
,(1.6.4a)
εS ⊗ 1⊗ µΛ :
(
S⊗P (M ⊗u Λ)
)
⊗P Λ = thM ⊗P Λ→M ⊗u Λ.(1.6.4b)
It is readily veried that the ompositions
tN → t(htN) = th(tN)→ tN,
hM → ht(hM) = h(thM)→ hM
are the respetive identity morphisms. This proves the rst laim.
To see that they indue quasi-inverse equivalenes in homology for (o)modules
bounded from below, we rst note that their lowest order omponents are of the
form
ιS ⊗ 1⊗ ιΛ : N → htN = (S⊗v N)⊗P Λ,
εS ⊗ 1⊗ εΛ : S⊗P (M ⊗u Λ) = thM →M.
Now lter the omplexes
(htN)n =
⊕
p+q=n
⊕
p′+p′′=p
Sp′ ⊕Nq ⊗Λp′′ ,
(thM)n =
⊕
p+q=n
⊕
q′+q′′=q
Sq′ ⊕Mp ⊕Λq′′
by p-degree, and onsider N and M as onentrated in p-degree 0 and q-degree 0,
respetively. Then the above maps are ltration-preserving. The E1-term for htN
is essentially the tensor produt of the Koszul omplex K and H(N), so that we
have an isomorphism between the E2-terms, whih are both equal to H(N). In the
seond ase the tensor produtK⊗M appears already on the E0-level and therefore
the isomorphism on E1. (Here we have used the assumptions εΛu = 0 and vιS =
0.) 
By replaing tN and hM by arbitrary strit (o)modules in formulas (1.6.4),
one sees that the Koszul funtors are quasi-inverses between the subategories of
strit (o)modules whih are bounded from below. One an show that the on-
neting morphisms (whih now go the other way round) are atually homotopy
equivalenes in the ategory of omplexes, i. e., after forgetting the (o)module
strutures [12, Thm 1.6.3℄. (See [21, II.4℄ for a related result.) Sine this does
not require the omplexes to be bounded, it implies in partiular that the Koszul
funtors indue equivalenes in homology between the ategories of all Λ-modules
and all S-omodules. I onjeture that an analogous statement holds in the ontext
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of weak (o)modules. A areful disussion of Koszul duality between ategories of
unbounded (strit) modules an be found in [11℄.
Proposition 1.2. The Koszul funtors preserve quasi-isomorphisms between weak
(o)modules bounded from below.
Proof. This is again a spetral sequene argument, analogous to [15, Se. 9℄ 
This implies that the Koszul funtors h and t desend to the derived ategories
of (o)modules bounded from below, whih are obtained by loalising at all quasi-
isomorphisms. Note, however, that the ategories BS-Mod and Comod-BΛ are
not abelian, in ontrast to those onsidered in [15℄ or [3℄: Any morphism of free
Λ-modules (with trivial dierentials) whose kernel is not free gives an example of a
morphism of weak S-omodules without kernel. Similarly, any morphism of nitely
generated free S
∗
-modules (again d = 0) with non-free kernel gives after dualising
a morphism of weak Λ-modules without okernel.
2. Simpliial Koszul duality
2.1. Notation. We will work in the ategory of simpliial sets, see [28℄ or [25℄
for expositions. Reall that a simpliial set is an N-graded set X = (Xn) to-
gether with fae maps ∂i : Xn → Xn−1, 0 ≤ i ≤ n (for positive n) and degeneray
maps si : Xn → Xn+1, 0 ≤ i ≤ n satisfying ertain ommutation relations. The
basi example to keep in mind is of ourse the simpliial set of singular simplies
in a topologial spae. Here ∂iσ is the omposition of the singular n-simplex σ
with the inlusion ∆n−1 → ∆n of the i-th faet, and siσ the omposition with
the projetion ∆n+1 → ∆n identifying the i-th vertex with its suessor. (From
this one an dedue the ommutation relations.) Sine simpliial sets are purely
ombinatorial objets, one has a muh greater exibility in onstruting them than
in the ase of topologial spaes. This will be ruial when we dene the onneting
natural transformation Ψ in the next hapter.
We use the term spae to refer to a simpliial set. We write C(X) and C∗(X)
for the normalised hain resp. ohain omplex of the spae X with oeients
in R, and f∗ and f
∗
for the (o)hain map indued by a map of spaes f : X → Y .
(Reall that C(X) is obtained from the non-normalised hain omplex by dividing
out the subomplex of all degenerate simplies siσ. The projetion is a homotopy
equivalene, f. [27, Se. VIII.6℄.) Note that for X = pt a one-point spae the
omplex C(X) is anonially isomorphi to R. The simpliial interval is denoted
by ∆(1); its n-simplies are the weakly inreasing sequene (x0, . . . , xn) of zeroes
and ones.
To simplify notation, we introdue the abbreviations
∂ji = ∂i ◦ ∂i+1 ◦ · · · ◦ ∂j , ∂
i−1
i = id, and sµ = siq ◦ · · · ◦ si1 , s∅ = id
for i ≤ j and any set µ = {i1 < i2 < · · · < iq} ⊂ N, and also ∂˜ for the last fae
map, i. e., ∂˜ = ∂n in degree n.
2.2. The EilenbergMaLane maps. The EilenbergZilber theorem states that
the omplexes C(X × Y ) and C(X)⊗C(Y ) are naturally homotopy-equivalent for
every pair X , Y of spaes. Partiularly nie homotopy equivalenes have been given
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by Eilenberg and MaLane [9℄. More preisely, they introdued ertain maps
∇ = ∇XY : C(X)⊗ C(Y )→ C(X × Y ),
AW = AWXY : C(X × Y )→ C(X)⊗ C(Y ),
H = HXY : C(X × Y )→ C(X × Y )
suh that
AW∇ = 1,(2.2.1a)
∇AW − 1 = d(H),(2.2.1b)
AWH = 0,(2.2.1)
H∇ = 0,(2.2.1d)
HH = 0.(2.2.1e)
These maps are dened on the non-normalised omplexes, but desend to the nor-
malised omplexes, where they enjoy the properties listed above.
The shue map ∇ arries the hain x⊗ y, x ∈ Xm, y ∈ Yn, to
(2.2.2a) ∇(x⊗ y) =
∑
(µ,ν)⊢(m,n)
{(µ, ν)}(sνx, sµy),
where the sum extends over all (m,n)-shues (see Setion 1.1). The Alexander
Whitney map AW is dened by
(2.2.2b) AW (x, y) =
n∑
i=0
∂ni+1x⊗ ∂
i−1
0 y =
n∑
i=0
(∂˜)n−ix⊗ (∂0)
iy
for (x, y) ∈ (X × Y )n. The following non-reursive denition of the hain homo-
topy H is due to Rubio and Morae, f. [14, Se. 2℄:
(2.2.2) H(x, y) =
∑
0≤i<j≤n
(µ,ν)⊢(j−i,n−j)
(−1)i{(µ, ν)}
(
sν+i+1si∂
n
j+1x, sµ+i+1∂
j−1
i+1 y
)
,
where sν+k = sνn−j+k ◦ · · · ◦ sν1+k.
The shue map and the AlexanderWhitney map are assoiative, the former is
also ommutative in the sense that
C(X)⊗ C(Y )
∇XY✲ C(X × Y )
C(Y )⊗ C(X)
TC(X),C(Y )
❄ ∇Y X✲ C(Y ×X)
τXY ∗
❄
ommutes, where τXY (x, y) = (y, x), and T is the transposition of fators intro-
dued in Setion 1.1. (See for example [30,  II.4℄ and [7, Ex. 12.26℄.)
The normalised hain omplex of a spae X is naturally a oalgebra with omul-
tipliation AW∆∗ : C(X)→ C(X)⊗C(X) and augmentation C(X)→ C(pt) = R,
where ∆ = ∆X : X → X ×X is the diagonal. In partiular, we have up and ap
produts as given by equations (1.1.2) and (1.1.3). We shall also need the ohomo-
logial ross produt α × β = (α ⊗ β)AW ∈ C∗(X × Y ) of α ∈ C∗(X) and β ∈
C∗(Y ).
KOSZUL DUALITY AND EQUIVARIANT COHOMOLOGY FOR TORI 13
Proposition 2.1 (EilenbergMoore [10, 17.6℄). The shue map is a morphism
of oalgebras.
Proposition 2.2 (Shih). For all spaes X, Y , and Z, the following diagrams
ommute:
C(X × Y )⊗ C(Z)
∇X×Y,Z✲ C(X × Y × Z)
C(X)⊗ C(Y )⊗ C(Z)
AWXY ⊗ 1
❄
1⊗∇Y Z
✲ C(X)⊗ C(Y × Z),
AWX,Y×Z
❄
C(X)⊗ C(Y × Z)
∇X,Y×Z✲ C(X × Y × Z)
C(X)⊗ C(Y )⊗ C(Z)
1⊗AWY Z
❄
∇XY ⊗ 1
✲ C(X × Y )⊗ C(Z),
AWX×Y,Z
❄
Proof. Atually only the seond diagram appears in [30,  II.4℄. Like the rst one
it an be dedued from . 
2.3. The Steenrod map. The up produt is not ommutative, but only homo-
topy ommutative. A partiularly nie homotopy is given by the up1 produt. I all
the underlying map the Steenrod map ST = STXY : C(X×Y )→ C(X)⊗C(Y ).
It is not as fundamental as the previous maps, but dened as the omposition of
the ommuted AlexanderWhitney map
A˜WXY = TC(Y ),C(X)AWY XτXY ∗ : C(X × Y )→ C(X)⊗ C(Y )
and the EilenbergMaLane hain homotopy, namely STXY = A˜WXYHXY . It
arries the non-degenerate simplex (x, y) ∈ (X × Y )n to
(2.3.1) ST (x, y) =
∑
0≤i<j≤n
(−1)i+j+ij ∂i−10 ∂
n
j+1x⊗ ∂
j−1
i+1 y
of degree n+ 1, f. [14, Thm. 3.1℄.
The ross1 produt ×1 : C∗(X)⊗ C∗(Y ) → C∗(X × Y ) and the up1 prod-
ut ∪1 : C∗(X)⊗C∗(X)→ C∗(X) are (up to sign) derived from the Steenrod map
like ross and up produt from the AlexanderWhitney map, i. e.,
α×1 β = {α}{β}(α⊗ β)ST : C(X × Y )→ R⊗R = R,
α ∪1 β = (α×1 β)∆∗.
Proposition 2.3.
(1) A ross1 produt or up1 produt vanishes if one fator is of degree zero.
(2) The ross1 produt vanishes on the image of the shue map for all pairs
of spaes.
(3) The up1 produt is a homotopy between the up produt and the up produt
with ommuted fators:
d(α ∪1 β) = α ∪ β − {α, β} β ∪ α− dα ∪1 β − {a}α ∪1 dβ.
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(4) It is also a left derivation of the up produt (Hirsh formula):
α ∪1 (β ∪ γ) = (α ∪1 β) ∪ γ + {α, β}{β} β ∪ (α ∪1 γ).
Here α, β, and γ denote ohains on some spae.
One usually denes the up1 produt suh that it beomes a right derivation,
but this would be less onvenient in our appliations. We remark in passing that
the signs in the above formulas are as predited by the sign rule if we write the
up1 produt as map ∪1(α⊗ β).
Proof. The rst assertion follows diretly from the expliit formula (2.3.1) and the
seond and third from equations (2.2.1). The Hirsh formula requires a lengthy
alulation. 
Proposition 2.4. Let X, Y , and Z be spaes.
(1) The following diagram ommutes:
C(X)⊗ C(Y × Z)
∇X,Y×Z✲ C(X × Y × Z)
C(X)⊗ C(Y )⊗ C(Z)
1⊗ STY Z
❄
∇XY ⊗ 1
✲ C(X × Y )⊗ C(Z).
STX×Y,Z
❄
(2) For all w ∈ C(X × Y ) and z ∈ C(Z) with |z| ≤ 1 one has
STX,Y×Z∇X×Y,Z(w ⊗ z) = (1⊗∇Y Z)(STXY ⊗ 1)(w ⊗ z).
These are are analogues of for the Steenrod map, but this orrespondene is
only partial beause part (2) above is false for general z.
Proof. This is veried by diret alulations, see [12, Appendix 8℄. The rst part
an alternatively be dedued from a large ommutative diagram involving [30,  II.4,
Lemme 3℄. 
2.4. Groups and group ations. If not speied otherwise, a group G will mean
a simpliial group i. e., a simpliial objet in the ategory of groups (or, equivalently,
a group objet in the ategory of simpliial sets), f. [28, 17℄. When we are areful
about notation, we write 1n for the unit element of the set-theoreti group Gn
of n-simplies of G. For any group G, we denote the ategory of left G-spaes
by G-Spae.
Let µ : G×G→ G be the multipliation of G, λ : G→ G the inversion and ι : 1→
G the unit. The hain omplex C(G) is an algebra with Pontryagin produt µ∗∇GG
and unit ι∗. It follows from that C(G) is atually an (assoiative and oassoiative)
Hopf algebra. By ommutativity of the shue map, C(G) is ommutative if G is.
If X is a left (or right) G-spae, then C(X) is anonially a left (or right) C(G)-
module. (Use again the shue map.) If the ation of G on X is trivial, then so
is that of C(G) on C(X) beause it fators through the augmentation C(G) →
C(1) = R. One an swith between left and right ations by dening x · g = g−1 ·x
for x ∈ X and g ∈ G. The two orresponding C(G)-module strutures on C(X)
are related by
(2.4.1) c · a = {c, a}λ∗(a) · c
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for a ∈ C(G) and c ∈ C(X). This again follows from the shue map's ommuta-
tivity.
Proposition 2.5. Let G be a group and X and Y both left or both right G-spaes.
(1) The shue map ∇XY is C(G)-equivariant if G operates trivially on either
spae.
(2) The AlexanderWhitney map AWXY is C(G)-equivariant.
(3) The Steenrod map STXY is C(G)-equivariant if G operates trivially on Y .
(4) It is also equivariant with respet to an a ∈ C(G) if |a| ≤ 1 and G operates
trivially on X.
(5) The hain omplex C(X) is a C(G)-oalgebra.
(See Setion 1.1 for the denition of a C(G)-oalgebra.)
Proof. Notie rst that it is not important whether G ats from the left or from the
right beause we may always pass from one to the other by redening the ation
and then, using equation (2.4.1), go bak to the original one on the hain level.
The rst assertion is a onsequene of the properties of the shue map. The
non-trivial part of the last laim, the equivariane of the omultipliation, follows
from the seond assertion. This in turn is one again a onsequene of . In the
same way proves the third and fourth laim. 
Proposition 2.6. The hain funtor C is a well-dened homotopy-preserving fun-
tor G-Spae→ C(G)-Mod.
Proof. This is a routine veriation using the properties of the EilenbergMaLane
maps as given in Setion 2.2. 
2.5. Spaes over a base spae. Let B be a spae. A spae over B is a map of
spaes p : Y → B. We will usually refer to p by Y , the map p being understood.
A morphism f : p → p′ of spaes over B is a map f : Y → Y ′ suh that p′ ◦
f = p. Similarly, homotopies between spaes over B are homotopies Y ×∆(1) →
Y ′ ommuting with the projetions to B. (Here ∆(1) is the simpliial interval,
f. Setion 2.1.) We denote the ategory of spaes over B by Spae-B.
If Y → B is a spae over B, then C(Y ) is a right C(B)-omodule via the
map AWY B ∆˜Y ∗ : C(Y )→ C(Y )⊗C(B), where ∆˜Y denotes the anonial map of
spaes Y → Y ×B.
Proposition 2.7. The hain funtor C is a well-dened homotopy-preserving fun-
tor Spae-B → Comod-C(B).
Proof. This is again routine. The veriation that one gets equivariant hain ho-
motopies uses . 
2.6. Fibre bundles. Our denition of a simpliial bre bundle [2℄ is not exatly
that of [28, 18℄: Let B be a spae and G a group. A twisting funtion for B with
values in G is a map of graded sets τ : B>0 → G of degree −1 suh that for b ∈ Bn
and i < n
τ(∂ib) = ∂iτ(b), τ(∂nb) = τ(∂n−1b)
(
∂n−1τ(b)
)−1
,
τ(sib) = siτ(b), τ(snb) = 1n
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Given a left G-spae F , one denes the twisted Cartesian produt B ×τ F , whose
only dierene from B × F lies in the last fae map, whih is now
∂˜(b, f) =
(
∂˜b, τ(b)∂˜f
)
.
The orresponding bre bundle is the obvious projetion B ×τ F → B.
We shall need the simpliial version of the LeraySerre spetral sequene of a
bre bundle: Filter C(B ×τ F ) by the p-skeletons of the base B. More preisely,
a non-degenerate simplex (f, b) ∈ Cn(B ×τ F ) belongs to FpC(B ×τ F ) if b is (at
least) (n−p)-fold degenerate. This leads to a spetral sequene, natural in B and F ,
whose rst terms are for onneted G equal to
E1pq(B,F ) = Cp(B;Hq(F )),(2.6.1a)
E2pq(B,F ) = Hp(B;Hq(F ))(2.6.1b)
as omodules over C(B) and H(B), respetively, and also as H(G)-modules in the
ase F = G.1 An analogous spetral sequene exist in ohomology with
(2.6.2) Epq2 (B,F ) = H
p(B;Hq(F )).
2.7. Classifying spaes and universal bundles. In order to dene Koszul fun-
tors in the simpliial setting, we need the simpliial onstrution of universal bun-
dles and lassifying spaes. Our denitions again dier from [28, 21℄:
For any group G, the lassifying spae BG is the spae with set of n-simplies
BGn = G0 × · · · ×Gn−1
for n ∈ N. We write the simplies of BG in the form
[g0, . . . , gn−1] ∈ BGn, also b0 := [] ∈ BG0
for the unique vertex of BG. The fae and degeneray maps are given by
∂i[g0, . . . , gn−1] = [g0, . . . , gi−2, gi−1∂0gi, ∂1gi+1, . . . , ∂n−i−1gn−1],
si[g0, . . . , gn−1] = [g0, . . . , gi−2, gi−1, 1i, s0gi, s1gi+1, . . . , sn−i−1gn−1].
(Undened omponents, suh as ∂−1gn−1, are supposed to be omitted when apply-
ing these formulas for given values of i and n.) The map of graded sets
τBG : BG>0 → G, [g0, . . . , gn−1] 7→ gn−1
is a twisting funtion for BG. The prinipal bundle EG = BG ×τBG G → BG is
alled the universal G-bundle. G ats freely from the right on its total spae. The
onstrution of lassifying spaes and universal bundles is funtorial and ompatible
with produts, i. e.,
(2.7.1) B(G×H) = BG×BH and E(G×H) = EG× EH
for any pair G, H of groups.
1
More preisely, these terms arise from a ltration of a ertain twisted tensor produt C(B)⊗u
C(F ), whih is related to C(B ×τ F ) by a ltration-preserving homotopy-equivalene. See the
proof of for more details and referenes.
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Another way to look at EG is the following: We have EGn = BGn+1 as sets,
moreover ∂EGi = ∂
BG
i for i ≤ n and likewise for degeneray maps. This implies
that EG is homotopy-equivalent to s0BG0 ⊂ BG1 = EG0, i. e., that it is (non-
equivariantly) ontratible to e0. (This will be proven along the way in .) The last
degeneray map on BG now gives rise to the following map S˜ of degree 1, f. [28,
Def. 21.1℄:
(2.7.2) S˜ = S˜G : EG→ EG, ([g0, . . . , gn−1], gn) 7→ ([g0, . . . , gn−1, gn], 1n+1).
Rewriting the ommutation relations in terms of S˜, we see that it satises for
all e ∈ EGn and 0 ≤ i ≤ n the identities
∂iS˜e =
{
S˜∂ie if n > 0,
e0 if n = 0,
∂n+1S˜e = e,(2.7.3a)
siS˜e = S˜sie, sn+1S˜e = S˜S˜e.(2.7.3b)
In partiular, S˜ passes to a map C(EG) → C(EG) on the normalised omplex. It
will be onvenient to resale it and to dene
(2.7.4) S : C(ET )→ C(ET ), e 7→ −{e} S˜e.
The omposition S ◦S vanishes, and Se0 = −s0e0 = 0. Moreover, S is a homotopy
between the identity and the hain map indued by the retration EG→ e0:
(2.7.5) Sde+ dSe =
{
e if |e| > 0,
e− e0 if |e| = 0
for all non-degenerate e ∈ EG. (The map S is atually the hain homotopy indued
by the aforementioned strong deformation retration of EG to e0, see the proof of
).
Note that S is ompatible with produts, i. e., SG×H = SG × SH . We need to
know how S interats with the EilenbergMaLane maps.
Proposition 2.8. The following identities hold for all groups G and H:
∇EG,EH(SG ⊗ SH) = SG×H∇EG,EH(1⊗ SH − SG ⊗ 1),(2.7.6a)
AWEG,EHSG×H(e, e
′) = SG(e)⊗ e
′
0 + (1⊗ SH)AWEG,EH(e, e
′)(2.7.6b)
for (e, e′) ∈ EG× EH and e′0 the anonial basepoint of EH,
STEG,EHSG×H = (SG ⊗ SH)AWEG,EH − (1 ⊗ SH)STEG,EH .(2.7.6)
Proof. These are diret omputations, see [12, Appendix 9℄. (There BG, EG, and
S have slightly dierent denitions.) For (2.7.6a) one splits up the sum over all
(m + 1, n + 1)-shues (µ, ν) depending on whether the maximum m + n + 1 is
ontained in µ or in ν. 
2.8. Simpliial Koszul funtors. We are now in the position to introdue, for
any group G, the simpliial Koszul funtors between the ategories of G-spaes and
spaes over BG.
Let X be a left G-spae. The Borel onstrution
(2.8.1) EG×
G
X = BG×τBG X → BG
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is a spae over BG. The map of spaes
(2.8.2) qX : EG×X → EG×
G
X,
(
(b, g), x
)
7→ (b, gx),
is the quotient of EG ×X by the G-ation g · (e, x) = (eg−1, gx). We reord the
following observation, whih will be used in Setion 3.4:
Lemma 2.9. The omposition
qX∗∇EG,X : C(EG) ⊗ C(X)→ C(EG×X)→ C(EG×
G
X)
is a morphism of right C(BG)-omodules.
Here C(EG ×G X) is a right omodule beause EG ×G X is a spae over BG,
and C(EG) ⊗ C(X) is one beause C(EG) is, i. e., the struture map is
(1⊗ TC(BG),C(X))(∆C(EG) ⊗ 1): C(EG)⊗ C(X)→
(
C(EG)⊗ C(X)
)
⊗ C(BG).
Proof. The map qX∗∇ an be written as omposition
C(EG) ⊗ C(X)→ C(X)⊗ C(EG)→ C(X × EG)→ C(X ×
G
EG)→ C(EG×
G
X)
by the shue map's ommutativity. Hene it sues to prove the laim for the
map C(X) ⊗ C(EG) → C(X × EG). Here equivariane follows from the ommu-
tative diagram
C(X)⊗ C(EG)
1⊗ ∆˜∗✲ C(X)⊗ C(EG ×BG)
1⊗AW✲ C(X)⊗ C(EG) ⊗ C(BG)
C(X × EG)
∇
❄ (id, ∆˜)∗✲ C(X × EG×BG)
∇
❄ AW ✲ C(X × EG)⊗ C(BG)
∇⊗ 1
❄

The simpliial Koszul funtor
t : G-Spae→ Spae-BG
assigns to eah left G-spae X the spae EG ×G X (more preisely, the pro-
jetion EG ×G X → BG ), and to eah morphism X → X ′ the indued mor-
phism EG×G X → EG×G X ′.
Given a map p : Y → BG, we an pull bak the universal G-bundle to obtain the
right G-spae Y ×τBG◦p G, whih we also write as Y ×
BG EG sine it is the bre
produt of Y and EG over BG. The Koszul funtor
h : Spae-BG→ G-Spae
assigns to eah spae Y over BG the spae Y ×BG EG with the opposite, i. e., left
G-ation, and to eah morphism Y → Y ′ the indued morphism Y ×BG EG →
Y ′ ×BG EG.
Both funtors preserve homotopies.
KOSZUL DUALITY AND EQUIVARIANT COHOMOLOGY FOR TORI 19
Let X be a left T -spae and p : Y → BG a spae over BG. In order to introdue
ertain natural transformations
(2.8.3) P : ht→ id and I : id→ th,
we use the isomorphisms of graded sets htX ∼= BG×X×G and thY ∼= BG×Y ×G
and dene the morphisms
PX : htX → X, (b, x, g) 7→ g
−1x,(2.8.4a)
IY : Y 7→ thY, y 7→ (p(y), y, 1)(2.8.4b)
for X ∈ G-Spae and Y ∈ Spae-BG, respetively. (That the above formulas
dene morphisms in these ategories will be beome evident in the proof of .)
Proposition 2.10. The simpliial Koszul funtors form an adjoint pair (h, t).
Proof. A look at the denitions of IY and PX shows that the ompositions
hY −→ h(thY ) = ht(hY ) −→ hY,
tX −→ th(tX) = t(htX) −→ tX.
are the respetive identities. 
Theorem 2.11. The morphisms PX and IY are homotopy equivalenes of spaes
for all G-spaes X and all spaes Y over BG.
This is a (partial) analogue of [1, Remark 1.7℄ in the simpliial setting. It par-
allels the duality between the algebrai Koszul funtors, f. in partiular the om-
ments made after . Analogously to that ase, it implies that the simpliial Koszul
funtors beome quasi-inverse equivalenes of ategories after loalising the ate-
gories G-Spae and Spae-BG with respet to all morphisms whih are homotopy
equivalenes of spaes. The present analysis will prove useful in Setion 5.3.
Proof. We start with IY and laim that the map of spaes
JY : thY → Y, (b, y, g) 7→ y,
is a homotopy inverse. We learly have JY IY = idY . In the representation used
above, the last fae map of thY is of the form
∂˜(b, y, g) =
(
∂˜b, ∂˜y, τY (y)(∂˜g)τBG(b)
−1
)
with τY = τBG ◦ p. From this it follows that JY is a map of spaes and IY a map
over BG. (Reall that thY is a spae over BG via projetion onto the b-oordinate
in our representation.) It is onvenient to reorder the fators and to apply the
group inversion to G so that
∂˜(y, b, g) =
(
∂˜y, ∂˜b, τBG(b)(∂˜g)τY (y)
−1
)
This shows that JY is essentially a bundle with base Y , twisting funtion τY , and
bre EG (with left G-ation g · e = e · g−1). We may therefore write the last fae
map as
∂˜(y, e) =
(
∂˜y, ∂˜e · τY (y)
−1
)
.
Note that for Y = pt the total spae is just EG. Hene we will now in partiular
show that EG is ontratible, as announed in the preeding setion.
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In order to dene a homotopy h : thY ×∆(1) → thY from IY ◦JY to the identity
of Y , we need the map S˜ introdued in Setion 2.7, whih was the last degeneray
map of BG arried over to EG. Now h is reursively given by
h(y, e, x) =

(y, (s0)
|y|e0) if x = (0),(
y, S˜(e′ · τY (y))
)
if x0 = 0, but x 6= (0),
(y, e) if x0 = 1,
where e′ is determined by (∂˜y, e′) = h(∂˜(y, e, x)), and x0 denotes the leading ele-
ment of the sequene x ∈ ∆(1). (Reall that the simplies in ∆(1) are the weakly
inreasing sequenes omposed of zeroes and ones.) The veriation that h is a
homotopy as laimed is elementary, but somewhat lengthy. (It an essentially be
found in [12, Appendix 10℄.)
For Y = pt, an e ∈ EGn and x onsisting of k zeroes followed by n+1−k ones the
formula for h simplies to h(e, x) = S˜k∂˜ke (whih is to be read as e0 for k = n+1).
The indued hain homotopy on C(EG) is just S.
We now onsider the transformation P . Let X be a T -spae. That PX and
QX : X → htX, x 7→
(
(s0)
|x|b0, x, 1)
are maps of spaes follows from the formula
∂˜(b, x, g) =
(
∂˜b, τBG(b)∂˜x, τBG(b)∂˜g
)
for the last fae map of htX . The map
htX → EG×X, (b, x, g) 7→ (b, g, g−1x)
is an isomorphism of left G-spaes. Here G ats on EG×X by g(e, x) = (eg−1, gx).
Under this isomorphism the map PX orresponds to the anonial G-equivariant
projetion onto X and QX to the inlusion of X over e0 in EG×X . Sine EG is
ontratible, as just shown, these maps are homotopy-equivalenes. 
3. Comparing the funtors
3.1. Tori. From now on we fous on tori, whih are denoted by the letter T instead
of the G used so far for groups. We start with our denition of irles and tori.
Readers who have left out Setion 2.7 an think of ompat tori
∼= (S1)r or algebrai
tori
∼= (C∗)r and should skip the next paragraph.
A simpliial irle is a group isomorphi to the lassifying spae BZ, whih
is a group by omponentwise multipliation beause Z is ommutative. More pro-
saially, it is isomorphi to the subgroup of the group of singular simplies in S1
generated by a loop at 1. We dene a irle as a group ontaining a simpliial irle
as a subgroup suh that the inlusion is a quasi-isomorphism. We let S1 denote
any irle, and a loop at 1 ∈ S1 refers to a generator of the embedded simpliial
irle. A torus of rank r is a group isomorphi to an r-fold produt of irles.
Given a torus T , we x one and for all a deomposition into irles. We write
x′i ∈ C(T ) for a loop at 1 ∈ T around the i-th fator S
1
(or C
∗
), and similarly
for its homology lass xi. Moreover, we now take H1(T ) as the free R-module P
(onentrated in degree 1) that was the starting point for the algebrai onstrutions
in Setion 1.3. Note that we have a anonial isomorphism of Hopf algebrasH(T ) =
Λ as well as one of oalgebras H(BT ) = S.
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The following lemma is the reason why we onentrate on tori in this paper.
2
Lemma 3.1. The assignment Λ → C(T ), xi1 ∧ · · · ∧ xiq 7→ x
′
i1
· · ·x′iq is a quasi-
isomorphism of Hopf algebras.
Proof. The map is well-dened beause x′i ·x
′
j = −x
′
j ·x
′
i by the shue map's om-
mutativity. Sine we have hosen eah x′i to be a loop at 1, its image under ∆C(T )
is x′i ⊗ 1 + 1 ⊗ x
′
i. Together with this shows that the oalgebra strutures are
ompatible. It is lear that the map is a quasi-isomorphism. 
This map gives us a homotopy-preserving funtor from the ategory of modules
over C(T ) to those over Λ. In order to avoid a too lumsy notation, we inorporate
it into the hain funtor. Hene C(X) ∈ Λ-Mod for X ∈ T -Spae. In [15℄ the
resulting Λ-module struture on hain and ohain omplexes of T -spaes is alled
the sweep ation.
To analogously view C(BT )-omodules as S-omodules, we would need a quasi-
isomorphism of oalgebras C(BT ) → S. This does not exist for r ≥ 2, essentially
beause C(BT ) is not oommutative. But C(BT )-omodules an be turned into
weak S-omodules:
Proposition 3.2 (GugenheimMay). Any hoie of representatives ξ′i ∈ C
∗(BT )
of a set of generators ξi ∈ S2 = H2(BT ) anonially denes a twisting ohain
t =
∑
∅6=pi⊂[r]
xpi ⊗ ξ
′
pi ∈ Hom−1(C(BT ),Λ) with εΛt = 0
by reursively setting
ξ′pi = ξ
′
pi+ ∪1 ξ
′
pi′ ,
where π+ is the maximum of π and π′ 6= ∅ the other elements.
Sine this result is purely algebrai, it holds for any group G and any oe-
ient ring R suh that H(G) = Λ and H(BG) = S are of the form desribed in
Setion 1.3.
Proof. This omputation an be found in [18, Example 2.2℄. (Their reursive for-
mula looks slightly dierent beause their up1 produt is a right derivation.) 
We will hoose spei representatives ξ′i below. The orresponding twisting
ohain t then denes a funtorComod-C(BT )→ Comod-BΛ whih preserves ho-
motopies: If f : M →M ′ is a morphism of C(BT )-omodules, then f⊗1: M⊗tΛ→
M ′ ⊗t Λ, m ⊗ a 7→ f(m) ⊗ a is a morphism of right Λ-modules, and analo-
gously for homotopies. Moreover, the S-omodule struture on the homology of a
C(BT )-omodule, onsidered as weak S-omodule, is the originalH(BT )-omodule
struture beause equation (1.4.4) is how the ap produt in H(M) by elements
2
As mentioned in [15, Se. 12℄, one an onstrut a morphism of algebras H(G) → C(G) as
in the lemma whenever H(G) = Λ is an exterior algebra and the generators xi ∈ Λ an be
represented by onjugation-invariant yles x′
i
∈ C(G). But ontrary to the laim in [15℄, this is
not possible in general beause all singular simplies appearing in a onjugation-invariant hain
neessarily map to the entre of G. The example G = SU(3) shows that the use of subanalyti
hains is no remedy: Apart from the nite entre, all onjugation lasses have dimension 4 or 6.
Hene there an be no onjugation-invariant subanalyti set supporting a representative of the
degree 3 generator.
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of H∗(BT ) = S∗ is dened. We again suppress this funtor from our notation, so
that C(Y ) ∈ Comod-BΛ for Y ∈ Spae-BT .
We now explain how to hoose the representatives ξ′i we will work with. In
the ase of a irle S1, we let ξ′ ∈ C2(BS1) orrespond under transgression to a
oyle dual to x′: It follows from the naturality of the ohomologial Leray
Serre spetral sequene (2.6.2) that there exist a ohain ξ′ ∈ C2(BS1) and a
ohain χ ∈ C1(ES1) suh that
〈x′, i∗χ〉 = 1,(3.1.1a)
dχ = p∗ξ′,(3.1.1b)
where i : S1 → ES1 denotes the anonial inlusion over e0 and p : ES
1 → BS1 the
projetion. Then ξ′ is a oyle, and its homology lass ξ generates H∗(BS1).
For the torus T we dene χi as the ross produt 1×· · ·×χ×· · ·×1 orresponding
to the i-th fator of ET , and analogously for ξ′i and ξi. Then the ξi's generate
S
∗ = H∗(BT ) and are represented by the ξ′i's.
3.2. The rst natural transformation. We now onstrut a map f : K →
C(ET ) whih will help us to ompare the algebrai and simpliial Koszul funtors.
HereK = K(P ) is the Koszul omplex as dened in Setion 1.3. For r = 1 and l ∈ N
we reursively set
f(1⊗ 1) = e0,(3.2.1a)
f(xl ⊗ x) = f(xl ⊗ 1) · x = f(xl ⊗ 1) · x′,(3.2.1b)
f(xl+1 ⊗ 1) = Sf(xl ⊗ x),(3.2.1)
where x ∈ S denotes the anonial ogenerator dual to ξ, and x′ ∈ C(T ) is the
representative simplex of x ∈ Λ hosen in the previous setion. For arbitrary r, we
ompose this onstrution with the shue map,
(3.2.2) f : K = K(x1)⊗ · · · ⊗K(xr)→ C(ES
1)⊗ · · · ⊗ C(ES1)→ C(ET ),
using equation (2.7.1).
Proposition 3.3. This f is a morphism of Λ-oalgebras and a strit morphism of
weak S-omodules.
The oalgebra struture on K was dened in Setion 1.3, and C(ET ) is a Λ-
oalgebra by and . Reall that the seond assertion of the proposition means
that
f ⊗ 1: K⊗P Λ→ C(ET )⊗t Λ, (s⊗ a)⊗ a
′ 7→ f(s⊗ a)⊗ a′
is a Λ-equivariant hain map, where t denotes the twisting ohain onstruted in
the preeding setion. Here Λ ats of ourse only on the seond fator of both
tensor produts.
Proof. We may assume r = 1 for the rst laim beause the shue map is a map of
oalgebras and in addition equivariant if all but one spae of a produt have trivial
group ation, see .
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We start by verifying that f is a hain map. By indution and equation (2.7.5),
we have for all l ∈ N (with the onvention x−1 ⊗ x := 0)
df(xl ⊗ 1) = dSf(xl−1 ⊗ x) = f(xl−1 ⊗ x)− Sdf(xl−1 ⊗ x)
= f(xl−1 ⊗ x)− Sf(d(xl−1 ⊗ x)) = f(xl−1 ⊗ x),
df(xl ⊗ x) = d(f(xl ⊗ 1) · x) = df(xl ⊗ 1) · x = f(d(xl ⊗ 1)) · x
= f(xl−1 ⊗ x) · x = f(xl−1 ⊗ 1) · (x ∧ x) = 0,
whih proves the laim by omparison with the expliit form (1.3.3) of the dier-
ential on K. The Λ-equivariane of f follows diretly from the denition. To show
that f ommutes with omultipliation, we have to establish the identities
AW∆∗f(x
l ⊗ 1) =
∑
m+n=l
f(xm ⊗ 1)⊗ f(xn ⊗ 1),(3.2.3a)
AW∆∗f(x
l ⊗ x) =
∑
m+n=l
f(xm ⊗ x)⊗ f(xn ⊗ 1)(3.2.3b)
+
∑
m+n=l
f(xm ⊗ 1)⊗ f(xn ⊗ x).
They follow again by indution, and the fat that the AlexanderWhitney map is
Λ-equivariant. Hene f is a map of left Λ-oalgebras.
That f be a strit morphism of weak S-omodules translates into the onditions
(3.2.4) ξ′µ ∩ f(s⊗ a) = p
∗ξ′µ ∩ f(s⊗ a) =
{
f(ξi ∩ s⊗ a) if µ = {i},
0 otherwise
for all s⊗a ∈ K and ∅ 6= µ ⊂ [r], see equation (1.4.6). Sine we already know f to be
a map of oalgebras, the rst alternative simplies for r = 1 to 〈p∗ξ′, f(x⊗ 1)〉 = 1.
This holds by (2.7.5) and our hoie (3.1.1) of ξ′ and χ, beause
〈p∗ξ′, f(x⊗ 1)〉 = 〈dχ, S(e0 · x
′)〉 = 〈χ, dS(e0 · x
′)〉
= 〈χ, e0 · x
′ − Sd(e0 · x
′)〉 = 〈i∗χ, x′〉 = 1.
The ase r > 1 now follows from the general identity
(α× β) ∩ ∇(a⊗ b) = {β, a}∇(α ∩ a⊗ β ∩ b)
for hains a, b and ohains α, β on spaes X and Y , respetively, whih is a
onsequene of and equation (2.2.1a), f. [7, 7.14℄.
As for the seond alternative of (3.2.4), note that the up1 produts determining
in the higher order elements ξ′µ, |µ| > 1, are here ross1 produts of ohains oming
from dierent fators of the indued deomposition of the lassifying spae BT .
Hene gives the desired result. 
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For a left T -spae X we dene the map ΨX as the bottom row of the following
ommutative diagram:
K⊗ C(X)
f ⊗ 1✲ C(ET )⊗ C(X)
∇✲ C(ET ×X)
tC(X) === K⊗
Λ
C(X)
❄
✲ C(ET )⊗
C(T )
C(X)
❄
✲ C(ET ×
T
X).
qX∗
❄
Corollary 3.4. This ΨX is a morphism of oalgebras and a strit morphism of
weak S-omodules.
Proof. The top row of the above diagram is a morphism of oalgebras by and , as
are the vertial projetions. This proves the rst laim. The seond follows from
and . 
We therefore obtain a natural transformation
(3.2.5) Ψ: C ◦ t→ t ◦ C.
Note that ΨX may be written in the form
(3.2.6) ΨX = qX∗∇ET,X(ψ ⊗ 1): tC(X) = S⊗P C(X)→ C(tX)
with ψ(s) = f(s⊗ 1). This shows the symmetry between Ψ and the natural trans-
formation Φ to be dened in the following setion.
3.3. The seond natural transformation. In this setion we want to introdue
a natural transformation
(3.3.1) Φ: h ◦ C → C ◦ h.
by dening morphisms of Λ-modules, natural in Y ∈ Spae-BT ,
ΦY : C(hY )→ C(Y )⊗t Λ = hC(Y )
of the form
(3.3.2) ΦY = (1⊗ φ)AWY,ET jY ∗
where φ ∈ Hom0(C(ET ),Λ) and jY : Y ×BT ET → Y ×ET denotes the anonial
inlusion. We look at C(ET ) as a left C(BT )-omodule whose struture map is the
omposition of the anonial map ET → BT × ET and the AlexanderWhitney
map. This allows to onsider the twisted homomorphism omplex Homt(C(ET ),Λ)
as dened in Setion 1.2.
Lemma 3.5. Suh a ΦY is a morphism of right Λ-modules if φ is so and if it is a
yle in Homt0(C(ET ),Λ).
Proof. This follows diretly from the denitions and the assoiativity of the Alexan-
derWhitney map. 
Our onstrution of suh a φ goes as follows: Reall that in Setion 3.2 we have
dened ohains χi ∈ C
∗(ET ), i ∈ [r], satisfying equations (3.1.1). For a subset
π ⊂ [r] with at least two elements, we now set
(3.3.3) χpi = {π}χpi+ ∪1 p
∗ξ′pi′ ,
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where π+ again denotes the maximum of π and π′ its omplement, and
(3.3.4) ζ∅ = 1, ζpi =
∑
(µ,ν)⊢pi
pi+∈µ
{(ν, µ)}χµ ∪ ζν
for non-empty π. Note that we have {χpi} = {ζpi} = {π}. We nally dene
(3.3.5) φ =
∑
pi⊂[r]
xpi ⊗ ζpi ∈ Hom
t
0(C(ET ),Λ),
where we have used the isomorphism of graded R-modules (1.1.1).
Proposition 3.6. This φ is a Λ-equivariant yle.
Proof. The ondition d tφ = 0 boils down to the relations
dζpi = −
∑
(µ,ν)⊢pi
µ6=∅
{µ}{(ν, µ)} p∗ξ′µ ∪ ζν
for all π ⊂ [r], f. the twisting ohain ondition (1.4.2). They an be veried
indutively using the formula
{π} dχpi = −p
∗ξ′pi +
∑
(µ,ν)⊢pi
pi+∈µ, ν 6=∅
{(ν, µ)}χµ ∪ p
∗ξ′ν −
∑
(µ,ν)⊢pi
pi+∈ν, µ6=∅
{ν}{(ν, µ)} p∗ξ′µ ∪ χν
for non-empty π, whih is a onsequene of equation (1.4.2) and the denition of χpi.
(Details for this and the following omputations an be found in [12, Appendix 11℄,
again modulo somewhat dierent onventions.)
The Λ-equivariane of φ is equivalent to the identities
xi · ζpi =
{
{(π \ i, i)} ζpi\i if i ∈ π,
0 otherwise
for all i ∈ [r] and all π ⊂ [r]. (The right Λ-module struture of C(ET ) dualises
to a left struture on C∗(ET ) by 〈a · γ, c〉 = 〈γ, c · a〉.) These equations follow by
indution from
(3.3.6) xi · χpi =
{
1 if π = {i},
0 otherwise.
Let us prove the preeding line: We learly have xi · χj = 0 for i 6= j beause in
this ase the χj omes from a fator of ET on whih xi ats trivially. Similarly,
xi · χpi vanishes for |π| ≥ 2: The up1 produt in (3.3.3) is in fat a ross1 produt
with the seond fator oming from a trivial T -spae, namely some BS1. Hene
xi · χpi = −{π} xi · χpi+ ∪1 p
∗ξ′pi′ = 0
by Propositions and . It remains to show xi · χi = x · χ = 1. Note that x · χ is a
oyle beause
d(x · χ) = −x · dχ = −x · p∗ξ′ = −p∗(x · ξ′) = 0.
Sine ET is onneted, it sues therefore to evaluate x · χ on a single vertex. By
our hoie of χ we obtain
〈x · χ, e0〉 = 〈χ, e0 · x〉 = 〈i
∗χ, x′〉 = 1,
whih nally proves (3.3.6). 
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3.4. The main theorem. We an now ompare the simpliial Koszul funtors
(dened in Setion 2.8)
t : T -Spae→ Spae-BT and h : Spae-BT → T -Spae
with their algebrai ounterparts (Setion 1.6)
t : BS-Mod→ Comod-BΛ and h : Comod-BΛ→ BS-Mod
by using the natural transformations
Ψ: t ◦ C → C ◦ t and Φ: C ◦ h→ h ◦ C
onstruted in the two preeding setions. (Reall from Setion 3.1 that we onsider
the hain funtor as a funtor T -Spae→ Λ-Mod and as a funtor Spae-BT →
Comod-BΛ.)
Theorem 3.7. The natural transformations Ψ and Φ are quasi-equivalenes.
Proof. Let X be a left T -spae. We want to use the LeraySerre theorem to show
that ΨX indues an isomorphism in homology. If we lter tC(X) = S ⊗uP C(X)
by S-degree and C(tX) as desribed in Setion 2.6, then ΨX is ltration-preserving
beause for c ∈ Cq(X) and l ∈ N the base omponent of qX∗∇
(
ψ(xl)⊗c
)
is q-fold
degenerate by the denition of the shue map. Hene ΨX indues a morphism from
the spetral sequene assoiated to tC(X) to the LeraySerre spetral sequene
for ET ×T X . By onsidering the inlusion X →֒ ET ×T X over b0, one sees
that E2(ΨX) is an isomorphism on the olumn p = 0. The map E
2(ΨX) being a
morphism of S
∗
-modules, this extends to all p. Hene H(ΨX) is an isomorphism,
too.
The proof for Φ is similar. Using the projetion Y ×BT ET → Y , we onlude
that we have an isomorphism on the E1 level for q = 0, whih by Λ-equivariane
must hold for all q. 
3.5. Naturality. Up to now, we have kept the group G (resp. T ) xed. We now
disuss what happens if one allows G to vary.
Denote the ategory of all left modules by Mod. A morphism in Mod between
an A-module M and an A′-module M ′ is a pair (ϕ, f), where f : M → M ′ is a
hain map, equivariant with respet to the morphism of algebras ϕ : A→ A′. The
ategory Comod of all right omodules is dened analogously.
On the side of spaes, one has the ategory Ation of all left group ations and
equivariant maps and the ategory Spaeover of all spaes over base spaes.
Homotopies in these ategories are dened similarly. For instane, a homotopy
between two morphisms (ϕ, f) and (ϕ, f ′) in Mod is a ϕ-equivariant hain homo-
topy h between f and f ′. (Note that we require f , f ′ and h to be equivariant with
respet to the same morphism of algebras.)
The following observation is a straightforward generalisation of Propositions
and :
Proposition 3.8. The hain funtor C an be onsidered as homotopy-preserving
funtor Ation→Mod or Spaeover→ Comod.
For the simpliial Koszul funtors one easily veries the following:
Proposition 3.9. The simpliial Koszul funtors are natural with respet to mor-
phisms inAtion on the one hand and morphisms in Spaeover over maps Bϕ : BG→
BG′ indued by morphisms of groups ϕ : G→ G′ on the other.
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Let P ′ be another nitely generated free graded R-module, also satisfying the
onditions stated at the beginning of Setion 1.3. It gives rise to an exterior alge-
braΛ
′
and an symmetri oalgebra S
′
. Any morphism of graded R-modules P → P ′
anonially determines a morphism of algebras Λ → Λ′ and a morphism of oal-
gebras S → S′. Call morphisms arising this way adapted, as well as morphisms
between (o)modules over exterior algebras (resp. symmetri oalgebras) whose
(o)algebra parts are of this type. Finally extend this notion to weak (o)modules,
whose morphisms were dened in Setions 1.4 and 1.5 as the morphisms of the
Koszul dual strit (o)modules. Then an adapted morphism of modules, onsid-
ered as a morphism of weak omodules, is still adapted, and similarly for adapted
morphisms of omodules.
Proposition 3.10. The algebrai Koszul funtors are natural with respet to adapted
morphisms of weak (o)modules.
This generality breaks down if one tries to ompare the simpliial Koszul fun-
tors with the algebrai ones. The problem is that the denition of the sweep ation
as well as that of the twisting ohain t in Setion 3.1 involve a deomposition
of the torus T into irles and furthermore the hoie of representatives of some
(o)homology lasses. A look at the onstrution of the onneting natural trans-
formations Ψ and Φ shows that we still have naturality in the following situations:
Proposition 3.11. Let ϕ : T ∼= (S1)r → T ′ ∼= (S1)r
′
be a map of tori. Assume
that it is omponentwise with respet to the hosen deompositions in the sense
that it just drops some fators and permutes the remaining ones, with the possible
insertion of 1's.
(1) Let X be a T -spae, X ′ a T ′-spae and f : X → X ′ a ϕ-equivariant map.
Then, using the obvious notation, the following diagram ommutes:
tPC(X)
tf∗✲ tP ′C(X ′)
C(tTX)
ΨX
❄ (tf)∗✲ C(tT ′X ′).
ΨX′
❄
(2) Let Y be a spae over BT , Y ′ a spae over BT ′ and g : Y → Y ′ a map
over Bϕ : BT → BT ′. If in addition ϕ preserves the relative order of the
surviving elements, then the following diagram ommutes, too:
C(hTY )
(hg)∗✲ C(hT ′Y ′)
hPC(Y )
ΦY
❄
hg∗✲ hP ′C(Y ′).
ΦY ′
❄
Here all horizontal arrows represent morphisms adapted to the morphism H1(ϕ) : H1(T ) =
P → H1(T
′) = P ′.
To give an example, the map (S1)4 → (S1)3, (g1, g2, g3, g4) 7→ (1, g4, g1) is
omponentwise, but not monotone. The speial ases 1 → T and T → 1 of the
proposition were impliitly used in the proof of .
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4. Cohomology
In this hapter we translate the two parts of our main theorem to ohomology.
4.1. The singular Cartan model. Let T be a torus andX a left T -spae. The left
Λ-ation on C(X) introdued in Setion 3.1 dualises to a right ation on ohains
by 〈γ, xi · c〉 = 〈γ · xi, c〉. Let us replae this by the left ation
(4.1.1) 〈xi · γ, c〉 = −{γ}〈γ · xi, c〉 = −{γ}〈γ, xi · c〉.
(This is equation (2.4.1) after taking homology.)
We write the omplex dual to tC(X) = S ⊗P C(X) as S∗ ⊗ C∗(X) so that the
dierential takes the form
(4.1.2) d(σ ⊗ γ) = σ ⊗ dγ +
r∑
i=1
ξiσ ⊗ xi · γ.
It follows from the properties of S ⊗P C(X) that its dual is an S∗-module with
S
∗
-bilinear produt
(4.1.3) (σ′ ⊗ γ′)(σ ⊗ γ) = σ′σ ⊗ γ′ ∪ γ.
and now imply:
Theorem 4.1. Given the denitions (4.1.2) and (4.1.3), the map
Ψ∗X : C
∗(ET ×
T
X)→ S∗ ⊗ C∗(X)
is a quasi-isomorphism of algebras. Moreover, the indued isomorphism in oho-
mology is S
∗
-equivariant.
The map Ψ∗X is natural with respet to morphisms between T -spaes and, more
generally, with respet to maps X → X ′ of spaes with torus ations whih are
equivariant with respet to omponentwise morphisms T → T ′.
Componentwise morphisms were explained in . Note that the orretness of the
ation of S
∗ = H∗T (pt) already follows from the algebra struture and naturality.
In order to put the duals of weak S-omodules into a ategorial framework, one
ould dene the ategory of weak S
∗
-modules. The map Ψ∗X would then be a
morphism in this new ategory.
That the singular Cartan model omputes the equivariant ohomology algebra
of a T -spae X was for T = S1 proven by Jones [22, 3℄ and HoodJones [20,
Se. 4℄ in the ontext of yli homology. For arbitrary T , subanalyti T -spaes
and real oeients the result (but without the algebra struture) is due to Goresky,
Kottwitz and MaPherson [15, Thm. 12.3℄.
Let us reall from Setions 2.4 and 3.1 how the sweep ation of Λ on ohains
omes about: Let xi ∈ H1(T ) be one of basis elements orresponding to the hosen
deomposition of T into irles. It represents a loop x′i at 1 ∈ T that winds one
around the i-th fator of T = (S1)r. Now let c be an n-hain and γ a ohain in X .
Move c around in X by applying the loop x′i and triangulate the result into (n+1)-
simplies as done by the shue map (2.2.2a). Evaluating γ on this (n + 1)-hain
gives, up to the sign (−1)n, the value of xi · γ on c.
For X a T -manifold and real oeients one an dedue the lassial Cartan
model from : It is well-known that the restrition of ohains
(4.1.4) C∗(X)→ C∗∞(X)
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to smooth singular simplies is a quasi-isomorphism of omplexes, as are the maps
(4.1.5) Ω(X)T →֒ Ω(X)→ C∗∞(X),
where Ω(X) denotes the de Rham omplex of X and Ω(X)T its T -invariants. Let-
ting Λ at on C∗∞(X) by the sweep makes (4.1.4) a morphism of Λ-modules. On
T -invariant forms Λ ats by ontration with generating vetor elds. It is not
diult to verify that the omposition (4.1.5) is equivariant. The point is that
integrating a T -invariant dierential form γ over x′i · c is the same as integrating γ,
ontrated by the fundamental vetor eld generated by x′i, over c. The usual spe-
tral sequene argument nally shows that the lassial Cartan model S
∗ ⊗ Ω(X)T
(with the same dierential as above) is quasi-isomorphi as S
∗
-module to its sin-
gular ounterpart; essentially the inverse argument was used in [15, Se. 18℄. (For
this to work one atually has to adjust some sign onventions for dierential forms.)
The diret omparison of the produt strutures would of ourse be more involved.
4.2. The pull bak of universal bundles. Let Y be a spae over BT . We write
the omplex dual to hC(Y ) = C(Y )⊗t Λ as C
∗(Y )⊗Λ∗. Then the dierential is
(4.2.1) d(γ ⊗ α) = dγ ⊗ α−
∑
pi⊂{1,...,r}
pi 6=∅
(−1)|γ|+|pi| γ ∪ p∗(ξ′pi)⊗ xpi · α
(this is equation (4) from the introdution), and the left Λ-ation
(4.2.2) xpi · (γ ⊗ α) = {π, γ} γ ⊗ xpi · α.
Aording to (4.1.1), Λ ats on Λ
∗
by
xj · (ξi1 ∧ · · · ∧ ξik ) = ξi2 ∧ · · · ∧ ξik if j = i1.
Proposition 4.2. With these onventions, the map
Φ∗Y : C
∗(Y )⊗Λ∗ → C∗(Y
BT
× ET )
is a quasi-isomorphism of Λ-modules. It is natural with respet to morphisms be-
tween T -spaes and, more generally, with respet to the morphisms desribed in
.
This sharpens the pertinent result of GugenheimMay [18, Ex. 2.2 & Thm. 3.3℄ by
additionally desribing the Λ-ation (and also by allowing ompletely arbitrary R).
4.3. A quasi-isomorphism C∗(BT ) → H∗(BT ). Taking X = pt a point in the
singular Cartan model gives together with the dual of the onneting morphism ΨX
from Setion 3.2 a quasi-isomorphism of algebras
Ψ∗pt : C
∗(BT )→ S∗ = H∗(BT ).
It turns out that Ψ∗pt has another useful property:
Proposition 4.3. The map Ψ∗pt is a quasi-isomorphism of algebras. Moreover, it
annihilates all up1 produts.
The existene of suh a map is also due to Gugenheim and May [18, Thm. 4.1℄.
Though somewhat tehnial in nature, this result is of great importane, for instane
to the study of the ohomology of homogeneous spaes of Lie groups, f. [18℄ or [29,
8.1℄ for instane. The present onstrution of suh a map is onsiderably simpler
than the original one given in the appendix to [18℄. Before trying to prove this
result, I have heked some examples with the help of the Kenzo program [8℄.
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Proof. We atually need not invoke (as impliitly done above) to see that Ψ∗pt
indues an isomorphism in homology: This simply follows from the fat that we
have hosen the ξ′i as representatives of the ξi ∈ S
∗ = H∗(BT ) in Setion 3.1.
That Ψ∗pt annihilates all up1 produts is equivalent to the vanishing of
STBT,BT∆BT ∗Ψpt : S→ C(BT )⊗ C(BT )
and to that of
(p∗ ⊗ p∗)STET,ET∆ET ∗f : K→ C(BT )⊗ C(BT ),
where f : K → C(ET ) is the map onstruted in Setion 3.2. We atually prove
the stronger statement that
STBT,ET ∆ˆ∗f = (p∗ ⊗ 1)STET,ET∆ET ∗f : K→ C(BT )⊗ C(ET )
vanishes, where ∆ˆ is the anonial map ET → BT × ET . We proeed by double
indution on the rank r of T and the degree of c = xα ⊗ xpi ∈ K, the ase r = 0
being trivial. If r > 0 and π non-empty, then xpi = a∧xi for some a ∈ Λ and some i.
By , the Steenrod map STBT,ET is equivariant with respet to multipliation by xi
beause the latter is of degree 1. Hene
ST ∆ˆ∗f(c) = ST ∆ˆ∗
(
f(xα ⊗ a) · xi
)
= ST
(
∆ˆ∗f(x
α ⊗ a) · xi
)
= ST ∆ˆ∗f(x
α ⊗ a) · xi = 0
by indution.
It remains the ase π = ∅, i. e., c = xα ⊗ 1. We may assume all αi > 0.
(Otherwise use the result for smaller r). Formula (2.7.6a) shows that the ross
produt of two hains lying in the image of the respetive one operators does so
itself. This generalises readily to several fators and applies therefore to
f(c) = ∇ES1,...,ES1
(
f(xα11 ⊗ 1)⊗ · · · ⊗ f(x
αr
r ⊗ 1)
)
.
Sine S is a ontrating homotopy by equation (2.7.5) and SS = 0, we onlude
that
f(c) = Sdf(c) + dSf(c) = Sf(dc).
Applying equation (2.7.6) yields
ST∆∗f(c) = ST∆∗Sf(dc) = (S ⊗ S)AW∆∗f(dc)− (1⊗ S)ST∆∗f(dc).
The rst summand vanishes beause f is morphism of oalgebras and SS = 0,
f. the expliit form (3.2.3b) ofAW∆∗f . We projet the remaining term to C(BT )⊗
C(ET ):
ST ∆ˆ∗f(c) = −(p∗ ⊗ 1)ST∆∗f(c) = −(1⊗ S)(p∗ ⊗ 1)ST∆∗f(dc)
= −(1⊗ S)ST ∆ˆ∗f(dc) = 0,
again by indution. This nishes the proof. 
KOSZUL DUALITY AND EQUIVARIANT COHOMOLOGY FOR TORI 31
5. Intersetion homology
5.1. Motivation. This setion serves as a motivation of our denition of allowable
subsets of a simpliial set in the next setion.
Let X be a stratied pseudomanifold and denote by Xk the union of its strata
of odimension at least k. Let T be a triangulation of X ompatible with the strat-
iation. Assume furthermore that the verties of T are partially ordered in suh
a way that the verties of eah simplex σ ∈ T are ordered and the intersetion of σ
with any Xk is a bak fae of σ, i. e., spanned by the last dim(σ ∩Xk)+ 1 verties
of σ in the given ordering. Guided by [17℄, we all suh a vertex-ordered trian-
gulation aglike. For example, the baryentri subdivision of any triangulation
ompatible with the stratiation is aglike if one orders the verties by dereasing
dimension of the faes of whih they are the baryentres.
Let p = (p0 = p1 = p2 = 0, p3, . . .) be a perversity. Call a simplex σ ∈ T
allowable if for all k the intersetion σ ∩Xk has odimension at least k − pk in σ,
and a hain in C(T ) allowable if it is a linear ombination of allowable simplies.
(We just say allowable beause we will not deal with more than one perversity at a
time.) Then dene IpC(T ) ⊂ C(T ) as the subomplex of all allowable hains with
allowable boundaries. Goresky and MaPherson [17℄ have shown that provided T
is aglike (as we assume here), the homology of IpC(T ) is the usual intersetion
homology IpH(X) (with ompat support) as dened in [16℄.
The omplex IpC(T ) has the nie property that it an easily be endowed with
the struture of a right C(T )-omodule: Sine any intersetion σ ∩ Xk is a bak
fae of σ ∈ T , all front faes ∂˜iσ of an allowable σ are again allowable. In
other words, the set of allowable simplies is stable under the last fae map of the
orresponding simpliial set. Consequently, the image of a hain c ∈ IpC(T ) under
the AlexanderWhitney map (2.2.2b) is of the form
(5.1.1)
∑
i
c′i ⊗ σ
′′
i
for some non-degenerate simplies σ′′i and some allowable hains c
′
i. The Alexander
Whitney being a hain map, this already implies that it maps IpC(T ) to IpC(T )⊗
C(T ): Sine C(T ) is free over R, the hain AW (c) lies in IpC(T ) ⊗ C(T ) if and
only if (d⊗ 1)AW (c) is also of the form (5.1.1). This is true beause
(d⊗ 1)AW (c) = dAW (c) − (1⊗ d)AW (c) = AW (dc)− (1 ⊗ d)AW (c).
Hene IpC(T ) is a right C(T )-omodule, and IpH(X) a right H(X)-omodule.
For ompat X , the indued dual H∗(X)-module struture on IpH(X) is the
usual one, whih is dened as the intersetion produt π([γ]) × [c] of the Poinaré
dual π([γ]) ∈ I0H(X) of [γ] ∈ H∗(X) with [c] ∈ IpH(X). This follows from
inspetion of the denition of the intersetion produt of two transversal hains [16,
2.1℄ and the fat that the Poinaré dual hain π(γ) = γ ∩ [X ] of γ ∈ C∗(T ), whih
is a union of simplies of the baryentri subdivision of T , is transversal to all
strata, f. [4,  3.B℄.
Of ourse, if some Lie group G ats on X ompatibly with the stratiation,
we also want the omplex of intersetion hains to be a C(G)-module. If G is not
nite, then a triangulation is not onvenient. For this reason we swith to singular
hains and use a variant of King's denition of intersetion homology [23℄:
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Call a singular simplex σ : ∆n → X allowable if the inverse image of Xk is
ontained in the (k − pk)-odimensional bak fae of σ for all k. The graded set V
of allowable singular simplies is again stable under the last fae map. Imitation
of the above denition leads to the subomplex C(V ⊂ X) ⊂ C(X) of normalised
allowable hains with allowable boundaries. It is a C(X)-omodule for the same
reason as before. In addition, any degeneration siσ of an allowable simplex σ is
again allowable. (This of ourse is true for a aglike triangulation T as well.) Hene
if some Lie group G ats on X ompatibly with the stratiation, we an use the
shue map to dene a C(G)-module struture on C(V ⊂ X) as in Setion 2.4.
Let Y be a manifold and give X × Y the stratiation indued by that of X .
Sine the EilenbergMaLane maps (2.2.2) for the pair (X,Y ) only apply ∂˜ and
degeneray maps to simplies from X , they restrit to maps between C(V ⊂ X)⊗
C(Y ) and C(V × Y ⊂ X × Y ), and properties (2.2.1) still hold. We therefore get a
Künneth theorem for H(V × Y ⊂ X × Y ).3 If U is a triangulation of Y , then the
same holds for IpC(T )⊗C(U) and IpC(T × U), where T × U denotes the vertex-
ordered triangulation of X × Y obtained by triangulating eah σ× τ , σ ∈ T , τ ∈ U
as done by the shue map. Note that T × U is again aglike.
Sine the verties of any simplex in a aglike triangulation T of X are ordered,
we have a anonial hain map αT : I
pC(T )→ C(V ⊂ X).
Lemma 5.1. The indued map IpH(X)→ H(V ⊂ X) is an isomorphism of H(X)-
omodules and does not depend on the aglike triangulation of X.
Proof. The map αT is learly a morphism of omodules, equivariant with re-
spet to the quasi-isomorphism of oalgebras C(T ) → C(X). Hene the indued
map in homology is a morphism of H(X)-omodules.
Let us show the independene of the triangulation next: Let T and T ′ be two
aglike triangulations of X . Sine they possess a ommon aglike renement (e.g.,
the baryentri subdivision of any renement), we may assume T ′ to be a renement
of T . The same example shows that we may also assume that the supporting
simplies σ1, σ2 ∈ T of two verties v1, v2 ∈ T ′ satisfy σ1 ⊂ σ2 if v1 ≤ v2.
Denote by i the anonial inlusion IpC(T ) →֒ IpC(T ′) whih sends eah n-
simplex σ ∈ T to the sum of the n-simplies in T ′ ontained in the support of σ.
Then H(i) is an isomorphism by [17℄. It therefore sues to onstrut for eah
yle c ∈ IpC(T ) a hain b ∈ C(V ⊂ X) suh that db = αT (c) − αT ′(i(c)). This
an be done analogously to the onstrution of β in [17℄. Here it is ruial that
C(V ⊂ X) is a subomplex of the normalised hain omplex of X ; one also needs
the ondition v1 ≤ v2 =⇒ σ1 ⊂ σ2 mentioned above.
In order to prove that the map IpH(T ) → H(V ⊂ X) is an isomorphism, we
verify the onditions for King's omparison theorem [23, Thm. 10℄:
(1) The usual proof of the exatness of the MayerVietoris sequene by baryen-
tri subdivision (with expliit homotopy as in [32, Appendix 1℄) works
for H(V ⊂ X) if the one operator prepends the new vertex to a simplex.
3
We will see in a minute that H(V ×Y ⊂ X×Y ) is the usual intersetion homology of X×Y .
We therefore prove the onjeture made in [23, p. 152℄.
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(2) For Y , U , T × U as above and W the set of allowable simplies in X × Y ,
we get a ommutative diagram
IpC(T )⊗ C(U)
∇✲ IpC(T × U)
C(V ⊂ X)⊗ C(Y )
αT ⊗ αU
❄ ∇✲ C(W ⊂ X × Y ).
αT ×U
❄
Here both shue maps and αU indue isomorphisms in homology, hene if
αT does so, too, then also αT ×U . Sine T × U is aglike, the latter map is
IpH(X)→ H(V ⊂ X).
(3) The usual omputation of the intersetion homology of a one arries over
to H(V ⊂ X) if one adds the apex to a simplex as the last vertex.
(4) is trivial.
(5) follows from the Künneth theorem disussed above. 
A payo of the use of singular intersetion hains is that this does not require
the spae to be nite-dimensional  not even for the H∗(X)-ation. The only
ingredients we need are a dereasing ltration of X by (possible ountably many)
subsets X = X0 ⊃ X1 ⊃ X2 ⊃ · · · and a generalised perversity p : N → N
with only p0 = 0 and pj+1 ≤ pj + 1. But in this generality one ertainly loses the
independene of the ltration and the Poinaré duality between omplementary
intersetion homology groups, though one might hope to dene a ohomologial
intersetion up produt.
If X is a G-spae with a G-stable ltration, we get an indued ltration EG×G
X = EG ×G X0 ⊂ EG ×G X1 ⊂ · · · of the Borel onstrution, hene a set of
allowable simplies VG in EG ×G X , and we an dene H
G(V ⊂ X) = H(VG ⊂
EG×GX) without using nite-dimensional approximations to EG→ BG. We will
do this in the simpliial setting in Setion 5.3. For the moment being, we only note
the identity
HG(V ⊂ X) = IpHG(X) := lim
n→∞
IpH(X ×
G
EGn),
where the EGn is an n-universal approximation to EG. This is a onsequene of
the following more general observation:
Proposition 5.2. Let X be the diret limit of an inreasing sequene of sub-
spaes X(n) suh that points are losed in X. Suppose that X has a ltration
as above and give eah X(n) the indued ltration. Then for eah generalised per-
versity p one has
H(V ⊂ X) = lim
n→∞
H(V(n) ⊂ X(n)).
Proof. Sine diret limits ommute with homology, it sues to show that C(V ⊂
X) is the diret limit of the C(V(n) ⊂ X(n)). This follows from the fat that, being
ompat, the image of a singular simplex σ : ∆k → X already lies in some X(n). 
5.2. Allowable subsets. We now abstrat from the preeding disussion and de-
ne an allowable subset V ⊂ X of a spae (i.e., simpliial set) X to be a olletion
of subsets Vn ⊂ Xn whih is stable under all degeneray maps and under the last
fae map ∂˜. IfX is aG-spae, we also require all Vn to be Gn-stable. A simplex inX
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is alled V -allowable if it lies in V . A hain in X is alled V -allowable if it is a
linear ombination of V -allowable simplies. We denote by C(V ⊂ X) ⊂ C(X) the
subomplex of normalised V -allowable hains with V -allowable boundaries. Anal-
ogous to the previous setion, C(V ⊂ X) is a right C(X)-omodule, and also a left
C(G)-module if X is a left G-spae.
The denition of C(V ⊂ X ;N) ⊂ C(X ;N) with oeients in an R-module N
is analogous. Note that C(V ⊂ X ;N) 6= C(V ⊂ X) ⊗ N in general, but equality
holds if N is free over R.
Let W ⊂ Y be another allowable subset and f : X → Y a map of spaes.
If f maps V -allowable simplies to W -allowable ones, then it indues a hain
map f∗ : C(V ⊂ X) → C(W ⊂ Y ). The analogous statement holds for homo-
topies. We all suh maps allowable.
5.3. The main theorem for allowable subsets. Let B be a spae, τ : B>0 → G
a twisting funtion and V ⊂ F an allowable subset of a left G-spae F . Then
B ×τ V = (Bn × Vn)n ⊂ B ×τ F is allowable beause V is G-stable. Likewise, if
W ⊂ B is allowable, then so is W ×τ F ⊂ B ×τ F .
This implies that the simpliial Koszul funtors t, h extend to allowable subsets
of G-spaes and spaes over BG, respetively. Moreover, the morphisms PX and IY
dened by (2.8.4) are allowable, hene restrit to maps
ht(V ⊂ X)→ V ⊂ X and W ⊂ Y → th(W ⊂ Y ),
whih are quasi-isomorphisms beause the homotopy inverses as well as the homo-
topies given in the proof of are allowable, too.
The natural transformations Ψ and Φ from Setions 3.2 and 3.3 are also well-
dened in this new setting: The map ΨX applies only degeneray maps to simplies
of a T -spae X , and ΦY only the last fae map to simplies of a spae Y over BT .
In order to prove the generalisation of to allowable subsets, we nally need an
appropriate version of the LeraySerre theorem:
Proposition 5.3. Let B ×τ F be a bre bundle and let W ⊂ B be allowable. If
H(F ) is free over R, then the ltration of W ⊂ B by the skeletons of the base leads
to a spetral sequene with
E2pq(W ⊂ B,F ) = Hp(W ⊂ B;Hq(F )).
This is an isomorphism of H(G)-modules if F = G.
The reason for assuming H(F ) to be free is to assure that C(W ⊂ B;Hq(F ))
equals C(W ⊂ B)⊗Hq(F ).
Proof. The simpliial LeraySerre theorem as desribed in Setion 2.6 an be de-
dued from the twisted EilenbergZilber theorem [30℄. (The algebrai essene of
it [6℄ is nowadays alled the basi perturbation lemma.) All this goes through in
the present setting:
As disussed in Setion 5.1, all three EilenbergMaLane maps restrit to maps
between C(W × F ⊂ B × F ) and C(W ⊂ B)⊗C(F ). The omplexes C(W × F ⊂
B × F ) and C(W ×τ F ⊂ B ×τ F ) have the same underlying graded R-modules
beause the allowable simplies are the same and the dierene q = dτ−d of the two
dierentials maps allowable hains to allowable hains. This implies in partiular
that q is a well-dened endomorphism of C(W × F ⊂ B × F ). Appliation of
the basi perturbation lemma now shows that C(W ×τ F ⊂ B ×τ F ) is homotopy
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equivalent to C(W ⊂ B)⊗u C(F ) for the same twisting ohain u = u(τ) as usual.
This homotopy equivalene is not one of C(B)-omodules any more, but still one
of C(G)-modules if F = G. Filtering C(W ×τ F ⊂ B ×τ F ) as in Setion 2.6
and C(W ⊂ B) ⊗u C(F ) by the degree of the rst fator gives the result, f. [28,
32℄. 
Theorem 5.4.
(1) Let X be a T -spae and V ⊂ X allowable. Then ΨX restrits to a quasi-
isomorphism of weak S-omodules
ΨX : tC(V ⊂ X)→ C
(
t(V ⊂ X)
)
.
(2) Let Y be a spae over BT and W ⊂ Y allowable. Then ΦY restrits to a
quasi-isomorphism of Λ-modules
ΦY : C
(
h(W ⊂ Y )
)
→ hC(W ⊂ Y ).
Proof. For Φ the proof of arries over without hanges if one uses the new version
of the LeraySerre theorem proven above.
In order to show that ΨX is a quasi-isomorphism for all allowable V ⊂ X , we
proeed in a somewhat roundabout way: We note rst that it is suient to prove
the assertion for bre produts. This follows from the ommutative diagram of
weak S-omodules
tC
(
ht(V ⊂ X)
) ✲ tC(V ⊂ X)
C
(
tht(V ⊂ X)
)
ΨhtX
❄
✲ C
(
t(V ⊂ X)
)
,
ΨX
❄
whose horizontal arrows are quasi-isomorphisms by the remarks above together
with .
For V ⊂ X = h(W ⊂ Y ) we use the naturality of our onstrutions with respet
to the morphism of groups T → 1. We write h = hT in order to distinguish it
from the trivial funtor h1, and similarly for all other funtors. The ommutative
diagram of hain maps
C
(
tThT (W ⊂ Y )
) ✲ C(tTh1(W ⊂ Y )) ✲ C(t1h1(W ⊂ Y ))
tTC
(
hT (W ⊂ Y )
)
ΨT,hTY
✻
✲ tTC
(
h1(W ⊂ Y )
)
ΨT,h1Y
✻
✲ t1C
(
h1(W ⊂ Y )
)
Ψ1,h1Y
✻
tThTC(W ⊂ Y )
tTΦT,Y
❄
✲ tTh1C(W ⊂ Y )
tTΦ1,Y
❄
✲ t1h1C(W ⊂ Y )
t1Φ1,Y
❄
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ondenses to
C
(
th(W ⊂ Y )
)
❅
❅
❅
❅❘
tC
(
h(W ⊂ Y )
)
ΨhY
✻
C(W ⊂ Y ).
 
 
 
 ✒
thC(W ⊂ Y )
tΦY
❄
Sine we know all maps but ΨhY = ΨX to indue isomorphisms in homology, this
map must do so, too. 
Corollary 5.5. Using the same notation as in the theorem and moreover the dif-
ferentials (4.1.2) and (4.2.1), we have:
(1) The map
H∗(ΨX) : H
∗
(
t(V ⊂ X)
)
→ S∗ ⊗H∗(V ⊂ X)
is an isomorphism of S
∗
-modules.
(2) The map
H∗(ΦY ) : H
∗(W ⊂ Y )⊗Λ∗ → H∗
(
h(W ⊂ Y )
)
is an isomorphism of Λ-modules.
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